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Conformal Field Theory (CFT)

1. Critical theory of statistical model
For T4 T. (O(x)0(0)) ~ e—lxl/€ (exponential damping)

(power-law damping)

At T'=1. & — oo (O(x)0(0)) = 228

Critical pointTconformal inv.h 1%

Critical theory = CFT ScpT [In general, action is unknown]
Critical phenomena (=small perturbation from critical point)

Scpr — Scpr + ta~ P / dPzO(x) t=(T-T.)/T. (< 1)

t .
Critical exponent (ais LV cutoff)

Ee KI5 ¥ =conformal field O D5 %8
(Ex.forO = ¢, ta™ P =¢2P (¢ =at™)DdA. =D 1/v )




2. Background Free Quantum Gravity

Conformal invariance = gauge invariance (diff. inv.)

(cf. in usual CFT, vacuum is inv, but fields are variant)

¢ 2D Quantum gravity (Liouville gravity)
Polyakov, KPZ, DK, David
¢ 4D Quantum gravity
Riegert, Antoniadis-Mazur-Mottola, Hamada

BRST invariance =» physical state = "~"primary (composite) scalar”
[tensor state is forbidden]
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ART—IAREIGERANT—PEELMNGEL !
Primodial spectrum of the Universe
Hamada-Horata-Yukawa, PRD81(2010)083533
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CFT (on Euclidean Space)

Generators: P,,M,,, D, K,

Translation, Lorentz transf., Dilatation, Special conformal transtf.

spacetime dim.

Conformal Algebra SO(D+1,1)

[Ppa-.- Rz = 0, [ﬂ'jrpw: P)\] = —1 (fﬁ,u}\Rz — {:SI/)\PLL) )
[ﬂiﬂw . ﬂlr),‘g = —E (611‘5)‘ ﬂ'jrycr ‘|‘ {sycrﬂirpk T ﬂﬁpcrﬂ'jry}. T {gylﬂfpa) '
D,P,] = —iP,, [D.My,]=0, [D,K,]=iK,
Mo Kn] = =i (SoBy — 6,0K,) s K, K] =0,
K,..P) = 2i(0,D+M,,)
Hermiticity

Pl =K Dl =—-D GE Minkowski& (L R£7%5)
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Primary fields

Spin | fields = symmetric traceless tensors O,,,...,,

Primary field conditions:

i [Py Oxyn ()] = 9,04 .0 (2),
i [ My, Ox, ()] = (2,0, — 2,0, —iX,,) Ox,..\ (),
i |[D,Ox,..n ()] = (2,0, +A)Ox ...\ (T).
i K. Oxpon ()] = (:15:231&L — 2x,2,0, — 207, + 2-3':171,2#1_,) Ox, -\ ()

[
E;LHOA]_---.}H — ?' Z (5;1,)\_3: 51/{7 o 6H.}Lj 6;1,:‘]') O:"tl'")"-j—lﬂ}lj-l—l A

2-point function =
1 1
(Ops v (2)Oyyy (0)) = 25 T (Lyrvy -+~ Lpyy + perms) — traces
f Lo = 0 — 211
Positive sign by unitarity 7




Spin | primary states:

M |A D = XA 0D,
iDIA D = A|AD, ) AL = Oy, (0)]0)
K, A L) = 0
Descendant states:
PI/1 U Pf/‘n Aj l> (<::> EH)J'*"l T 81/71 O:u'l'”ﬂ'i‘. (m))

Unitarity bounds:

D
A>——1 for [ =0,
1P, P, [AD|P>0 & 2

A>D—-2+1 forl>1
T

Ferrara-Gatto-Grillo, PRD9(1974)3564, . )
! (1974) spacetime dim.

G. Mack, CMP55(1977)1




‘ 2 & 3-Point Functions

2m . 3L EREREE D 2 (Lconformal symmetry kY LL T D KSIZRES

2-point function (normalization) o5 gTuty
| | 1 ur — Yur :1[72
(Q(T)Q(D)} — |$|gd
1 |1
(Opy o (2)Oyy..,(0)) = W i (Lprwy -+~ Lpyy + perms) — traces

Unitarity =» positive overall sign & unitarity bounds

3-point function
f&j

a(r)o(ra)Oyy .y, (0 = Ly o £y, — traces
{ ( ) ( ) 21 ,LH( )} |;1.'1—;xr2|2d_‘ﬁ+'!|;1.'1|‘5_E|;1.‘2|&_E( H1 24! }

(@1)u _ (@2)u

2 2
l.Il 132

fa 1 @ structure const. Z, =

Unitarity =» fa. is real !




‘ Operator Product Expansion

ZCTClIERDOEDOPEEZZE A D

) = 3 [E S0, ) ]
T e —1y|2d P —f;gd—ﬁ Cadteun awa‘.’{
BEOD =0 DEEDHEEZS Opreo
(Ga)o)0(:)) = 2 Ca ol ~ 1.8,)OW)O)
> Caole —u. )y —lz|2& "z — z|&1|y — A - F;;;n;;g:g ’
Caole—14,0,) = B(%}’ 5 /01 dift(1 — 1)) 31




4-Point Functions (Conformal Blocks)

\

(O(x1)o(x2)d(x3)0(24)) = : [1 + ZPA,IQA,I(“r ’U)]
Al

‘-I'lZ‘zd‘-rS-’l‘Zd

2 .2 2 .2

_. _ f2 Tia0 T35
par = fa, ==t = s
L3L5y L13L54
Conformal block for | =0
Ay ‘ 1
gao(u,v) = |z12|* 234 Ca0(212,92)CA 0(234, D) L
oo Ay /A A A
_ H% Z (?)n( 2 jn ( D )n-i—m( 7 )-n,—|—m.u_.n(1 B 'U)m

n! (A+1— —j.n m! (A)ontm

n.,m=>0

double series (Appell function)

| £ 0 DEZELEKRISFHE TS5 (#H1EX %L TTEE Dolan-Osborn 2001)
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Dolan-Osborn NPB629(2001)459 - Ty — 00

1 / )
New variables Z

w=zz  v=(-90-7 S
GaussDitB 2 Al #k %1 \ /%
G

ks(x) = 222 Fy (8/2.8/2, 55 )
D=even = conformal block(Xi Bk D & TEI(T5!

D=4 —1)t 2z _ _
0010 0)|pmt = S ha(2)kacia(3) - (2 = 9)

D=2 —1 ! _ _
ga,(u,v)|p=2 = ( 25) kavi(z)kai(2) + (2 < 2)]

D=odd > — R IFEMSN TLLY (0<z2<l)

D=3 2 = Z DBFITBHEMRMEANTECTENHXES

12



— ey

FE=5
Positivity ) 14

Conformal blocksh 3R E 2= HELV> T, YIEBNIBRE TS
DITTIELGW BBRER. TG, 205E T HIZIE
structure constantDFEIHMNNETH B,




Positivity (=unitarity) Conditions
spin
2-point function =» conformal dim. of primary field OA?;

D
Az 5 -1 fori=0, (Z 3t [&free field

Unitarity bounds = oA
A>D—24+] forl>1 DizE)
3-point function =» structure constant

fa g isreal

4-point function

pas = fa, >0 COEMEHCTETS

14



Crossing symmetry Z ‘ D

O O
¢ ¢

ut = ot =3 pay [vhgai(usv) — ulga(v,u)]

Al \ /

conformal blocks
From this relation,

Udg./_“\.?l(ua U) o udg/_\,l(vﬂ “EL)
ud — d

Fdf_&,g(zjf) =

Zp.&JFd,A,l(Z? z)=1 u= 2z, v=(1-2)(
ALl

15



‘ Ex:D=4 free scalar ¢ (conformal dim.d = 1)

O X O=0a; X000, 0,0+ (A=142, [ =even)
41 [?

Structure const.: JA. 1 X OA 1420125  Piy2g = 2 &

1.0}

0.8}

0.6} E)z2=2z2=1/2

0.4 D AT DURED

=

0.2

checkofeq. Y  piioiFiipei(z2) =1

{=even

16



Y
_',\‘4 — 0 1
X2 Z = — X ZY A Z*
L 5 + X +1Y,
—G/ 0.5
TAAAT A AT
X1 X3 X F(X, Y) :F(X; _Y> :F(—X?Y)

Consider following operation:

AFI= ) Aun RO Flx—y—o

m,n even
2<m+n<N \
Then, crossing symmetry means

Z PaIN[Fanil =0
Al

»=Zz=1/2 Tlg%
AHl g 5 (UNREMN R LY
LEATGFTES D D)

17



Primary scalar ¢4 R+ MOPEE % MDconformal block%% z %

@dx%lerZOAJrZ Z OA.

A>f >0 A>D—241

l—=even
T

ZCTlEhREREEIZIR N Blowest scalar O A D conformal dim. A
[Zunitarity bound &KYiELVHIRZ 5 Z 5

Strategy

d ZEELT f DEEZZEZT. ZOOPEA unitarity 54
pag > 0 EZBETEDEIDNEHS

H5 [ LIETFFET B4 5lowest scalardd A QDERY B A{E (%

% —2<A<f (LBAKRER)

LowesthViRFEN (LR [Lnext lowest scalar, higher spin~
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‘ Positivity D #I| 7 5 14

FFEATEMEZHADEGBEEZD
B = {A [Fd“ﬁjg] = 0 for all A > f (Z = 0)

(d, f IEEE)

/ a11df0rallA2D—2—|—l(l>0)}
COERBEOFREXREH/-TE(Anm ) NEET DES
[linear programming ® i ] " ARE

( * trivialZx

-> ZPAJA[Fd,A,ﬂ # 0 because PA.I >0 & 12
ALl

> -0 d, [ OB E DY [EpositivityE = S1i0
=» forbidden !

B, AFAEE=T EHETh(Tallowed !
(x BOEZOLDFBELLY)

19



Linear programming($& 2 &1 &%)

BETBE Linear Prograning) ORISR (FED1D, #IRFFTFAEFRD00FE]
B yith(Dptinization):
B Fli=xtlby: Fli=xtléy+]! F} =—Jdx-y+2' F4'=Jkx-3by-3 Fhi=—Tkg-y+d!
(D CTI, HAME P RS DOMELER] F20, ..., P90 0T TEMET A E£A3,
> B:={F1)=0, F2y=0, F3)=0, F4)=0, F5)=0};
Bz {lex+2y Dex+dy+1, 022 x-3y-3, 02 x-y+7]
K Fi=gty; LPSolve(F,B);
Fiozorv+ ¥
[0, 42857142857143, [x = 0.857142857142857094, v = -0.428571428571428380] ]
) BT AR R BS IR BT L. PIRIFTF0" R,
COERITEART BT B D ERT AN E o DHFEESATVAZ £ITH S,
REOFERAELUERL TA%.
[ §5:=-2¢x-y-2: B2:={F1)=0, F2)=0, F3)=0,F4)=0,45)=0}; LPSolve(F,B2);
B2 = 0ex+ 2y, Dex+3y+ 1, 022 x-3y-3,0c2x-y+2, 0c-2x-y-1]
Error, Cin Optimization:-LPSolve) no feasible solution found

TwmﬁﬁéqC@Egmﬁgﬁﬁ%ﬁkﬁﬁﬁﬁu.
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ERDETE
FEXRBOBRA

B = {A [Fd’&ﬁr_] 2 0 for all A 2 f (Z — 0)
and for all A > D —2+1(1>0)}

BERRIE: A — A (A=A 4+, Ag=D —2+1)
0 = 0(001) lmax — O(%O) Apax = O(%O)
FERXOH o(10%)
RKEEN, . DE N(N +6)/8 =0(100) (NAKZWIZEHIBRAGELY)

{ EBR: 1<l A< AL foralll

A{F} — Z )‘m,n 84?‘.\?6{}’F|X:Y:0

2<m+n<N

21
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D=4: lowest scalar® £ X TIZHIBEZ 525 (HFEYE B LELY)
D=2: CFTD &% fi# (2D Ising) L LLE T %

D=3: 3D Ising®critical exponentsM &t &



D=4 Results

Lowest scalar@®conformal dim.® LR
Pa X pqg=1+0Op+...
A <2+40.7(d—1)"2+2.1(d - 1) + 0.43(d — 1)*/3

5.5F

5.0F
4.5F
40F
3.5E
3.0F

25k

= b
7~ .- allowed «

LPRAREDfE&H Y
=> positivity&F &

LPRE DAL L
=>positivity&EF LG

23



D=2 Results

2DCFTRZRRED TR A, =1/8=0.125, A. =1 (Ising)

oxXxo=1+¢

Belavin-Polyakov-Zamolodchikov, NPB241(1984)333
Friedan-Qiu-Shenker, PRL52(1984)1575

2.0" LI ) S o R S ) S i S S o [ . S o o 6
. e i .
Z X:minimal fzef;lfc%(mig) ¢ D)
1.5f  forbidden l . 1
772 2(m+1)
' = ~ 4
A, — 10} L
| Lo: fﬂﬁqp'”ﬂ Ae=2-
0.5 [ ey (m=3 Ising)
allowed

0-0....|....|....|....|....|....|....|
0.00 0.05 U.IOTO.IS 0.20 0.25 030 0.35

A,

d

fF?JIEEIiié(:ﬂF‘UjF‘UG)Fﬁ(:L%*Lé



Loest scalar® A Zallowed value®maxIZEELT.
next lowest scalar® A" [ZffLyTDallowed regionZiE 9

G)(£><®flwl‘\—()&—|—2()&,_|_z Z

L=0 &}D 241

[ =even

2D Ising
Ao =4
e =L oL 5-1
(irrelevant op.)

4

A>f

flx

- Forbidden region
3t of A’ (A — max)

OA

Allowed region
of AI (A —_ ma}{)

' max of allowed A
000 005 010 _ 015 020 d

25



ZDEE ILowest A Enext A’ ORfIZgaphih B LE

EELTLS

zZc. A > 3 0#HIBEELTHElowest scalar A @
allowed regionz#£9

A 1.2;-

10}
081
0.6
0.4
02

A>3

_—dloued
/

2D lsing model

A, =1/8=0.125, A.=1

26



\ D=3 Results
FI#RDETHEZD=3TITo<&
3DIsing A, = 0.5182(3), A. = 1.413(1)

(Lattice Monte-Carlo simulation)

Allowed region

] 0 0 00 0000 | 0 000 0 0 A0 000 00 A 0 0 A 0 A0 0| 08 A 80 A0 A0 | ﬁ
0.50 055 0.60 065 070 075 080 7

27



&= lowest scalar A, &next lowest scalar Az DREIC

gaphHAHEEBEICANTETET S

Operator | Spin [ | Zg | A Exponent
o 0 — | 0.5182(3) |A=1/2+1n/2
o’ 0 — | 245 A=3+ws
€ 0 + | 1.413(1) A=3-1/v
chicEE—— € 0 + | 3.84(4) A=34+w
g 0 + | 4.67(11) A =34+ ws
T, 2 + |3 n/a
Clvrx 4 + | 5.0208(12) | A =3 4 wnr
Lattice Monte-Carlo simulation
oxo = 1+(+e&+--) oXe=04+0 4+ ...

+ (.TM.I/ + .. )
+ (C,u..'/)\cr + )




Next lowest/ZHl[R (A« =3, 3.4, 38 )ZMAT(A,, As)D
allowed regionZ it &

Allowed Region Assuming A(e')=3 Allowed Region Assuming A(e")=3.4

1.4}

Ao’ 10- L F S S T T R S ST T Y TS S S N SO SO S N |
050 055 060 065 070 075 0.80

_0--- L TR T T T T T S N S Y S T N S S B S|
050 055 060 065 070 075 0.80 Ao‘

Allowed Region Assuming A(e")=3.8 (Zoomed) Allowed Region Assuming A(e)=3.8

X ) af
1.40§ A, = 0.5182(3), A.=1.413(1)
1.39} (MC result)

A :
'1. 8 L L L L 1 L L L L 1 L L L L 1 L L L L 1
%).510 0.515 0.520 0.525 0.530

As

29
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¢ D>2Mconformal blocks® fEHTRI7%E — A& = D F R (2001)
o UnitarityZ{4(structure constantiNE#H)EE 3 &

H R Rk TTIZHIR AMT<
o (EVRHIEAETID IsingETILDEERIEHETAT-

A, =0.5182(3), A.=1.413(1)
CNFETODIZDERINTFELED LLER

Wilson-Fisher 1972 (eexpansion) T /
S = / d"x 5(6_)@5)2 + )\@54 D=4—c¢
- 5 T \/2m?
A 2 /ey 2
A (- . 2 /108 ()
At fixed point Q\r:J = (l — E/2J —+ € /l“?_‘w — 0.51 | | )
e —1 Ay =(2—¢€)+€/3—=1.33 b X P~ P
—> -~ > B N K f T
C=3  BlaASHhE, ELEIZERMNSS ! o ¢

(Ag = 0.5180, Ay = 1.4102 at 0(65))
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CFTORRE

1. 1909 Cunningham, Bateman: conformal inv. Z{¥E(ZE A

2. 1970 Polyakov: conformal inv.A3critical point CERN 2 x5
3. 1973 Ferrara, Grillo, Gatto: conformal bootstrap®iaFEY

4. 1984 Belavin, Polyakov, Zamolodchikov: D=2 CFT® g% f#

5. 2001 Dolan, Osborn: conformal blocksD— &z DER

SHBNLEEE:
D>2DEERIEMMCFTHhHLHERIN-FRADH !
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. | (cf. Ol (2) = Opy () on Minkowski)
Hermite% (Euclid CFT) o o

1
Ofu---m (.‘13) — Wfﬂ'lﬂl T IFEUI OHI---U;(R'I)
. T Tty
Inversion: z, — Rz, = — T = Oy = 23

Out-state

-} A = (0[O}, (0)
= lim (yz)&fmﬂl ' "IF;H£<U|OHI---H; (y)

y2—00

{pr -}, AlP, =0 Kyl{p -}, Ay =0
Pl =K,

Lt

34



2-point function

{O(m)O(m’}} — (z2)A <OT (R*T)O(mf)) — (z2)A {&|E_iﬁﬁ(ﬁm}”eipv$;|ﬂ>
where
O(x) = P O(0)e ome Of(x) = w0 (oc)e Hum
Pl=K, (A]={00(c0) |A) = 0(0)0)
From this,
/ m."ﬂ n/2 1
(O(z)O(z") (\/RT.E’E) (.1:2) = (z — 2')22
Gegenbauer polynomlal
| R TR Y
R R e LR SRR

nCA =2(A4n—1)2C% , — (2A +n —2)C2

m
z=x-z' [V zlz? ! Zcﬁ

(1 -2zt 4122 =

35
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